LARGE CARDINALS, COMPACTNESS PROPERTIES AND
RELATED RESULTS AROUND LOCALLY PROYECTIVE
MODULES

JUAN ANTONIO NIDO VALENCIA
HECTOR GABRIEL SALAZAR PEDROZA
LUIS MIGUEL VILLEGAS SILVA

ABSTRACT. We introduce the class af-locally projective modules and
prove that they have the compactness propertyRfarhenk is a singular,
a subtle (undeY = L), or a weakly compact cardinal (féta PID). In the
case whemr singular, we show that Shelah’s Singular Compactness Eneor
holds for these modules. We also show that for some not westkiypact
cardinalk, k-locally projective does not imply locally projective. Filty,

we provide some results about ultraproducts of locallygutiye modules.

1. INTRODUCTION

The study ofk-free R-modules, that isR-modules having the property that
“most submodules” generated by k elements are free, has been mainly fo-
cused on determining which pairs consisting of a cardinand a ringR
present thecompactness propertyBy this, we mean to determine if every

< K-generatedk-free R-module is free (in which case we also say tkdtas
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the compactness property fo).RVhat “most submodules” means in this defi-
nition depends on the kind of rif@we are dealing with. In the case pffree
abelian groups, “most submodules” simply means “all subgsd. However,
for modules over arbitrary ring®, one cannot expect all submodules to be free,
so “most submodules” will stand for a specific family of fregmodules, with
certain closure properties (see Chapter 4 of [9]).

In this paper, we use these ideas to introduce the clagsl@tally projec-
tive modules, which, by analogy, are those modules haviagtbperty that
“most submodules” generated By k elements are locally projective. The
main results of this work show thatlocally projectiveR-modules satisfy the
compactness property for different kinds of cardirnaland ringsR. Also, we
provide an example of a cardinalnot having the compactness property for
slender principal ideal domains. Before one can tackle @mtmess problems,
one needs to be acquainted with known properties of the ofdegally pro-
jective R-modules. These modules have received different names Hiey
were introduced byGrusonand Raynaudin [13] asflat strict Mittag-Leffler
modules: they were calladace module®y OhmandRushin[19], universally
torsionless moduleby Garfinkelin [10], andlocally projective moduleby
Zimmermann-Huisgeim [21], which is the name we adhere to. These appar-
ently different classes of modules are proven to be the saragsee [1] or
[12]).

The paper is structured as follows. Section 2 is a survey tion® concern-
ing locally projective modules that we consider relevanbider to approach
compactness problems. For instance, characterizatiahe®é modules when
the ringRis a principal ideal domain (PID), and necessary and sufficdendi-

tions for direct products of locally projective modules w@Ibcally projective.
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All the notions mentioned in this section are known but aegteced through-
out the literature. In Section 3, we introduce the clasg-tdcally projective
modules and, by means of Shelah’s Singular Compactnesséhewe give a
first result on compactness fdrgenerated modules whanis a singular cardi-
nal larger thanR|. In Section 4, subtle cardinals and their basic properties a
introduced. Section 5 presents the results related to thetreactible universe
L which will be necessary in Section 6, where we prove under L that if
K is a subtle cardinal, thek-locally projective modules of cardinality are
locally projective. The proof of this result is very demamgliand requires the
construction inL of some elementary embeddings. In Section 7, it is shown
that if k is weakly compact, ther-locally projective modules of cardinality
k over a PID are locally projective. We also prove that rega&@adinalsk not
weakly compact and less than any measurable cardinal doawetthe com-
pactness property fdR by giving an example of a-locally projective module
of cardinalityk which is not locally projective. Finally, in Section 8 we diu
the ultraproduct of locally projective modules when a meaisie cardinal is
the index set.

Throughout this work we will leM = Mg be a rightR-module, whereR is

an infinite associative ring with 1.
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with ff’,...,fk‘z e M; andxf,...,xﬁ’a € Mgy. For/ < w, put
U ={a<k:kg =1/}

It follows thatk = Ukag, so there is a (uniqué) < w such thatJy € 7.

Fori=1,...,k [n] € M,a€ [n] andr € R, define
Ui7a7r = {a <K' fla(aa) - r}.

By a similar argument as above, foried 1,.. .k, there is amj 4 € Rfor which

Uiar, € % . Notice thatifo € [n], thenrj s =rj . Foralli=1,... k, we define
fi:M—R

by means offi([n]) =r; » forall [n] € M. LetU = Ukﬂﬂik:lULmJi_m €% . Then
(] = Sk [x]fi([m]), wherex, = (X7 : a < k). It follows that

UC{a<k:my,=my}e%

from which we get thaim'] = [m] andM is locally projective. O

REFERENCES

[1] Azumaya, G. (1992) Locally pure-projective modul€antemp. Mathl24: 17-22.

[2] Baumgartner, J. (1975) Ineffability properties of caus I. In: Hajnal, A. et al., ed.
Infinite and finite sets: to Paul Erdés on his 60th birthday. Yo Collog. Math. Soc.
Janos Bolyai, Vol. 10. North-Holland, pp. 109-130

[3] Bland, P. E. (2011)Rings and Their Module8erlin, New York: Walter de Gruyter.

[4] Chase, S. U. (1960). Direct products of modulEsins. Amer. Math. So8.7: 457—473.

[5] Devlin, K. J. (1984).Constructibility Berlin, Heidelberg, New York, Tokyo: Springer-
Verlag.



44 J. A. NIDO VALENCIA, H. G. SALAZAR PEDROZA, L. M. VILLEGAS 3LVA

[6] Drake, F. R. (1974)Set Theory: An Introduction to Large Cardinasnsterdam: North-
Holland.

[7] Dummit, D., Foote, R. (2004 Abstract AlgebraJohn Wiley & Sons, Inc.

[8] Eklof, P. (2008). Shelah’s Singular Compactness TheoRubl. Mat.52: 3-18.

[9] Eklof, P., Mekler, A. (2002)Almost Free ModulesAmsterdam: North-Holland.

[10] Garfinkel, G. S. (1976). Universally torsionless anace modulesTrans. Amer. Math.
Soc.215: 119-144.

[11] Gobel, R., Trlifaj, J. (2012)Approximations and Endomorphism Algebras of Modules.
Vol. 1 - ApproximationsBerlin, New York: Walter de Gruter.

[12] Guil Asensio, P. A., Izurdiaga, M. C., Rothmaler, P.rr&eillas, B. (2011). Strict Mittag-
Leffler modulesMath. Log. Quat57, No. 6: 566-570.

[13] Gruson, L., Raynaud, M. (1971). Criteres de platitutde=projectivité Techniques de
«platification» d’'un moduldnventiones mathl3: 1-89.

[14] Jensen, R. B. (1972). The fine structure of the consbigchierarchyAnn. Math. Logic
4: 229-308.

[15] Jensen, R. B., Kunen, K. (Unpublished). Some Combimatdroperties ofL and
V. Available at http://www.mathematik.hu-berlin.de/ raesch/org/jensen.
html.

[16] Kanamori, A. (2009)The Higher Infinite. Large Cardinals in Set Theory from Their
BeginningsBerlin, Heidelberg: Springer-Verlag.

[17] Lam, T. Y. (1999)Lectures on Modules and RingSraduate Texts in Mathematics. Vol
189. New York: Springer-Verlag.

[18] Mendoza lturralde, P., Nido Valencia, J. A., Villegalv§, L. M. (2010). Weakly compact
cardinals and-torsionless module&ev. Colombiana Ma#3-2: 139-163.

[19] Ohm, J., Rush, D. E., (1972). Content Modules and AlgsiMath. Scand31: 49-68.

[20] Prest, M. (2009)Purity, Spectra and LocalisatioiEncyclopedia of Mathematics and its
Applications. Vol. 121. Cambridge: Cambridge Universitg$s.

[W87] B. Wald, On the groups @, in Abelian Group Theoryed. by R. Gdbel, E. Walker),
Gordon and Breach, 229-240.



COMPACTNESS AND LOCALLY PROJECTIVE MODULES 45

[21] Zimmermann-Huisgen, B. (1976). Pure Submodules oé@iProducts of Free Modules.
Math. Ann.224: 233-245.

[NIDO] MAESTRIA EN CIENCIAS DE LA COMPLEJIDAD, UNIVERSIDAD AUTONOMA
DE LA CIUDAD DE MEXICO, [SALAZAR] DEPARTMENT OFFOUNDATIONS OF MATHEMAT-
ICS, INSTITUTE OF MATHEMATICS OF THE POLISH ACADEMY OF SCIENCES, WARSAW,
POLAND, [VILLEGAS] DEPARTAMENTO DE MATEMATICAS, UNIVERSIDAD AUTONOMA
METROPOLITANAIZTAPALAPA, D.F., MEXICO, e-mail: nido.juan@gmail.com, gabriel.salazar@impan.pl

Imvs@xanum.uam.mx



